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The course will start out with the definition of algebraic varieties over a field and
the notions of singularities and their resolutions. Given an algebraic variety X, its
resolution of singularities is a birational proper morphism X ′ → X such that
X ′ is non-singular.

The early nineteen sixties were marked by a major breakthrough in algebraic
geometry: H. Hironaka solved a long standing problem by proving that every alge-
braic variety over a field of characteristic zero admits a resolution of singularities
[4]. This result provided an inspiration to John Nash for several extremely fruitiful
ideas, one of the most important of them being the definition of the space of arcs
of an algebraic variety X and the formulation of the Nash problem [7].

Let X be an algebraic variety over a ground field k. An arc on X is, by definition,
a morphism Spec k[[t]] → X. The curve Spec k[[t]] should be thought of as a germ
of a test curve. As a topological space, it only has two points, the special one (the
origin) and the generic one. Its analogue in complex analysis is the germ of the unit
disc at the origin. The image of Spec k[[t]] in X is a parametrized formal curve,
contained in X.

The space of arcs onX has a natural structure of an infinite-dimensional algebraic
variety. For simplicity, assume thatX has one isolated singular point ξ (in the course
we will study the general case of arbitrary singularities). Let H denote the space of
all arcs on X whose image in X passes through ξ. Let π : X ′ → X be a resolution
of singularities of X. The inverse image E := π−1(ξ) of the singular point in X ′ is
called the exceptional set of π. Let

(1) E =

r⋃
i=1

Ei

denote the decomposition of E into irreducible components. In a preprint dating
to 1965 (published in 1995 [7]) Nash proved that the decomposition (1) induces a

decomposition H =
r⋃

i=1

Hi of H where each Hi is an infinite-dimensional irreducible

algebraic subvariety of H. For irreducible components Ei of E Nash defined the
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notion of being essential. He conjectured that the varieties Hi corresponding to
the essential components Ei are precisely the irreducible components of H.

After studying several examples of the Nash correspondence, mainly for varieties
X of dimension two, we will discuss the affirmative solution of the two-dimensional
Nash problem ([3] and [1]) as well as the current state of knowledge for X of di-
mension three or higher ([1], [2], [5] and[6]).
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