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Abstract
We study the singularities of the family of folding maps ormrasscap. We give a list of the generic singularities
that appear in the members of the family, and characteresa tfeometrically.

Introduction

Given a plandV in Euclidean spacR? with normal vectom,
the folding map with respect tdV is the mapf : R° — R?
given by W

f(p) =q+Nn,

whereq Is the projection op into W alongn.
Thus,p and its reflection with respect & have the same im- OO J T
age byf (seeFigure 1). '

Let 7 a 3-manifold such that parametrizes the planes in
R3. We define thdamily of folding maps

G R’x 7 — R’

by G(p,z) = f.(p), wheref.(p) is the folding map with re-
spect to the plane determined by

Figure 1: Folding map.

Given an embedding : X — R3, that is a smooth
surface inR>, we obtain afamily the folding maps
on X

Gy: X xZ — R,

by restriction (se&igure 2).

Bruce & Wilkinson [2, 7] studied the fam-
Ily of folding maps on smooth surfaces In
R,

Figure 2: Folding map on a regular surface.

In particular, they proved that the bifurcation €&tF) is the dual of the union of the focal and
symmetry sets o, whereX is a smooth surface iR°.

Respect that duality and its corresponding geometry, wenégeaisted in this cases:
e the subparabolic points IN correspond t&> singularity type of the folding map,
e the ridge points inX correspond td3, singularity type of the folding map.

The family of folding maps on a generic crosscap

We consider a geometric crosscapRinparametrized by : U ¢ R? — R3, with

3

Ola,y) = (z, 2y + psy’ + O(4), az” + by +y° + » qgi2° 'y’ + O(4)), (1)
1=0

see [1, 6].

In [6] IS given a geometric characterization for the croggdg in terms of the parameter namely,
the crosscap is elliptic (respectively hyperbolickif> 0 (respectivelyn < 0) and parabolic itz = 0

(seeFigure 3).
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Figure 3: Classification of geometric crosscaps and their focal ®nic

In [6] Is also proved that theangent coneT.C. to the crosscap at the crosscap point is the plang

generated by the tangent direction and the limiting tangétite double point curve.

Forn € S? ands € R, consider the plane
Pins) = {p c R’ | (p,n) = 5} -
Thus, the set of all the planesR?¥ can be parametrized locally I8 x R.

We fix a generic crosscapthen, thefamily of folding maps on a crosscap’ : U x S x R — R3
IS given by

G('Tayanv 5) — ¢<$vy) + (<777 ¢(Q?,y>> o 5)(<777 ¢($,y)> —0 — 1)777
- f(n,5)(aj7y>a

wherefm(;) correspond to the folding map with respect to the plﬁ’@%.

Proposition 1
For each (n,0) € S? x R, the folding map on a crosscap f(n,é) IS singular at the origin and the
singularity is more degenerate than a crosscap if, and only if, § = 0.

Denotef;, ) by f; and lety = (, 3,7) with a? + 5% + 7% = 1.

Theorem 2
For a generic crosscap ¢, the folding map f;, in the family G' has singularities .A-equivalent to one of

the following types:
Case (1): n istransversal to the tangent cone

Type Normal form Ae-cod. Condition

By (z,y% 2%y +y°) 2 a #0,7 # p3o
By (x,y% 2y +y") 3 a0,y =psa, (x);
Bi (z,y%, 2%y £ 9 1 a#0,7=psa, (+*);
Cy (z,y% zy’ £ ady) 3 a=0,0(8,7) #0;
Cf (z, 9%, zy° £ zy) 4 a=0,d(8,v) =0;
Fiog (x y2, 23y + Ajzy® + Bly7) 4 p=1, 414?{ + 273% =+ ();

where  ®(B,7) = —2b3° + (4a — b* + 2)5%y + 77 and F| o isan unimodal singularity.

Case (ii} n Isinthe tangent coneand v = 0

Type Normal form A.-cod. Condition

Py (v,my+yo,ay” + ky*) 3 a#-—p3y, k#3515
P4(%) (z, 2y + y°, 2% + é?ﬁ) 4 a#-—p3yy eqf(é, a) = 0;
Py(3) (z,zy + y°, zy° + 59 1 a#-pyyeV(3,a)=0;
Py(1) (z, 2y + y°, zy* + y*) 4 a#-pyyeV(l,a)=0;
Ry (z,oy+y°+ Agy' ay® +yt + Boyb) 4 a = —p3y;
Ty (v,zy+y’yh) 4 v =1

where  U(k,a) = 4k*(p3 + 1)a® — 4k(p3 + 1)a + 1.

Case (i) o = 1, and then f,, has corank 2 and is equivalent to
(xQ, xy + vy, y° + Az’ + Bazly + Coay” + y?’).
TheFigure 4 shows the stratification of the parameter space associdig¢hvel heorem 2

Proposition 2
The singularities of the family of folding maps on a crosscap are not versally unfolded by the family G.

The geometry of the folding maps

There is a geometric correspondence for
some of the singularities of the folding
family. For this part we use the definitions
for subparabolic and ridge points given in

[3].

We say thatp € ¢ is a subparabolic

point relative tow; if vik;j(p) = O,

v %+ 7, Where v; is a principal di-

rection and k; I1s a principal curva- Corank2

ture.  Analogously,p € ¢ is a singularity

ridge point relative tov; if v;k;(p) = .

0. T.C.:

Theorem 3 Figure 4: Stratification of the parameters space.

We have the following characterization of the singularities of the folding maps on a crosscap.
(1) The subparabolic points relative to v- correspond to C'; singularities.

(1) Theridge pointsrelative to v correspond to £ ( and 7y singularities.
(i) The corank 2 map germ appears when n is parallel to the tangent direction.
(iv) When 7 isin the [imiting tangent of the double point curve the singularity is of type R,.

For ¢ consider the family of distance squared functidhs ¢ x R> — R given by

D(p,h) = Dy(p) = (p— h,p—h).
It is well known (see for example [4]) that the focal set camimlelled locally by the bifurcation set
of D.

Is showed in [6] that the part of the focal set correspondintiné crosscap point is a conic section
In the normal spacéf@?O,O)gb (seeFigure 3).

Proposition 3
The tangent space to the focal set of ¢ at points on the focal conic is constant and it coincide with the
normal space at the crosscap point
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