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Boa tarde ! ZAIZHIT!
Hoje eu comeco com esta féormula agraddvel.
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|lzumiya-Marar formula

In real C™ category, let us consider a C™ stable map f : M? — N3 from
a surface into 3-space. View its image singular surface f(M) C N.
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|lzumiya-Marar formula

In real C™ category, let us consider a C™ stable map f : M? — N3 from
a surface into 3-space. View its image singular surface f(M) C N.

Stable singularities are of the following three types:

C := {Cross Caps}, D :={Double pts}, T := {Triple pts}

’
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|lzumiya-Marar formula

The lzumiya-Marar formula is :

Theorem 0.1 (Izumiya-Marar)

For a C* stable map M? — N3, being M compact, the Euler
characteristic of the image singular surface is computed by the following
formula:

X(F(M)) = X(M) + SHC+4T

d : , >~
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|lzumiya-Marar formula

Let's see a proof.
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|lzumiya-Marar formula

Let's see a proof.

M = Ay(f) U A1(f) — f(M) = f(A))UDUTUC CN

A= (e Al |30 € Aolf), ' £, fla) = (') }
A(f) = {x € Ao(f) | 32, 2" € Ao(f), s.t. z, 2’ 2" distint,

having the same image
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|lzumiya-Marar formula

Let's see a proof.

M = Ay(f) U A1(f) — f(M) = f(A))UDUTUC CN
A(f)={zeA(f) | Fa' € A(f), ' #, f(x) = f(z') }

! 2" distint
AB(f) = Ao(f) |3 2" € A g ’
o(f) {xe o(f) |32, 2" € Ao(f), st having the same image
Then

felly2 =21p, fillgs =317, fillg, =1¢
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|lzumiya-Marar formula

Let's see a proof.

M = Ag(f) U A1 (f) — f(M) = f(A))UDUTUC CN
A7) =Lz € Ao(f) | 3o/ € Ao(), ' %, f(x) = f(&') )
A3(f) = {xer( V1322 € Ao(f), st DT distint,

having the same image
Then

felly2 =21p, fillgs =317, fillg, =1¢

fellyr = fillyy +21p + 317 + 1o
-) Lpary = fillag + 1p + Uy + 1o

Jellyy = Wy = Up + 217 = fi (2 A2+ ]lAs—%]lAl)
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|lzumiya-Marar formula

o = fo (s = 31 — $gg + 3104, )
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|lzumiya-Marar formula

Wyany = fo (Tr = 315 — 314+ $1,)

Take the Integration based on Euler characteristic measure
(Nicolas' lecture):
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|lzumiya-Marar formula

Wyany = fo (Tr = 315 — 314+ $1,)

Take the Integration based on Euler characteristic measure
(Nicolas' lecture): By the Fubini theorem,

/Nf* ()dx = /M (ﬂM — 5l gl + %ﬂAl) dx

Now I% is a union of immersed curves, the set of whose intersection are
exactly A3, so x(A3) + x(A3) = x(disjoint circles) = 0, hence
X(F(M)) = x(M) + (5 —§) - 3T+ 38C = x(M) + T + 54 C

This competes the proof.
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|lzumiya-Marar formula

1 1 1
Ly = fo (HM —sllgp —slag+ §ﬂA1)

This is valid for complex maps as well. From now on, we work in the
complex holomorphic context.
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|lzumiya-Marar formula

Lyary = [ (HM - %]lfg_ %ﬂAg + %]lAl)

This is valid for complex maps as well. From now on, we work in the
complex holomorphic context.

Apply the CSM class transformation C, to this equality:
Cullgan) = fi (C(M) = FCL(AF) = FC.(A]) + Cu(A1))

in H*(N) via the Poincaré dual (omit the notation Dual).
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|lzumiya-Marar formula

Lyary = [ (HM - %]lfg_ %ﬂAg + %]lAl)

This is valid for complex maps as well. From now on, we work in the
complex holomorphic context.

Apply the CSM class transformation C, to this equality:
Cullgan) = fi (C(M) = FCL(AF) = FC.(A]) + Cu(A1))
in H*(N) via the Poincaré dual (omit the notation Dual).

We call this total cohomology class of N
the Image Chern class of stable maps f: M — N.
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|lzumiya-Marar formula

Wimage = 1Lar = %ﬂfg— laz + 314, € F(M)
Cs(Otimage) = Cx(M) = 3C(A7) — §OL(A]) + 5Cu(A1) € H* (M)

(omit Dual) Let M and N be compact.
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|lzumiya-Marar formula

Wimage = 1Lar = %ﬂfg— laz + 314, € F(M)
Cs(Otimage) = Cx(M) = 3C(A7) — §OL(A]) + 5Cu(A1) € H* (M)

(omit Dual) Let M and N be compact.

mmm-Aammm—A@m%@—Amm%@

Thus
mmm-@amw
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|lzumiya-Marar formula

mage 1= nM—énE—%nAgjL%nAl c F(M)

C(CUmge) = Cs(M) = 5C(A) — §OL(AY) + 3C:(Ar) € H*(M)

o C.(M)=c(TM): normalization of CSM class
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|lzumiya-Marar formula

mage 1= nM—énE—%nAgjL%nAl € F(M)

C(une) = Co(M) — 3C.(A2) = LCL(A) + SCu(A) € H* (M)
o C.(M)=c(TM): normalization of CSM class

(] C* (Al) = [Al] = tp(Al) = Cy — (tz(f*TAN — T]\f):
Thom polynomial for Ay
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|lzumiya-Marar formula

mage 1= nM—énE—%nAgjL%nAl c F(M)

C(CUmge) = Cs(M) = 5C(A) — §OL(AY) + 3C:(Ar) € H*(M)

o C.(M)=c(TM): normalization of CSM class

(] C* (Al) = [Al] = tp(Al) = Cy — (tz(f*TAN — T]\f):
Thom polynomial for Ay

° C*(Ag) = [Ag] = tp(Ag) = %(58 — 81 — 2¢180 + 20% + 2¢9):
Triple point formula = Tp for Alf,
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|lzumiya-Marar formula

mage 1= nM—énE—%nAgjL%nAl c F(M)

C(CUmge) = Cs(M) = 5C(A) — §OL(AY) + 3C:(Ar) € H*(M)

Ci(M) =c(TM): normalization of CSM class

C* (Al) = [Al] = tp(Al) = Cy — (tz(f*TAN — T]\f):
Thom polynomial for Ay

C*(Ag) = [Ag] = tp(Ag) = %(58 — 81 — 2¢180 + 20% + 2¢9):
Triple point formula = Tp for Alf,

C,(A2) = [A2] + h.o.t = tp(A3) + h.o.t
= (so—c1) + {er(TM)(sg — 1) + 3(—s3 — s1 + 2c150 + 2¢2) }
Double point formula + higher term
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|lzumiya-Marar formula

Summing up those classes, we obtain a universal expression of
complex lzumiya-Marar formula:
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|lzumiya-Marar formula

Summing up those classes, we obtain a universal expression of
complex lzumiya-Marar formula:

Theorem 0.2 (Ohm)

Given a stable map f : M? — N3 of compact complex manifolds. Then it
holds that

x(f(M)) = 1/M ( e (TM)er + 6ea(TM) —3er(TM)so >

—c? —co — 180 + 82 + 251

where ¢; = ¢;(f*TN —TM), so = f*f(1), s1 = f*fe(c1)-
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Image Chern class of maps M — N™*!

Universal expression of the image Chern class C. (1l 4(57)) is given in more
general form, for a stable complex map f : M™ — N™*1,

" " \ )

A —> A1Ap, ApAl —>

Ao

The adjacency relation defines a partial order.
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Image Chern class of maps M — N™*!

Universal expression of the image Chern class C. (1l 4(57)) is given in more
general form, for a stable complex map f : M™ — N™*1,

" " \ )

A —> A1Ap, ApAl —>

Ao

The adjacency relation defines a partial order. By the exclusion-inclusion
principle the Mobius inverse formula for 15 supported on the closure of
singularities defines a constructible ft qp... € F(M) s.t.

ﬂM—%ﬂp—%ﬂp—%%ﬂA—
S (Qimage) = [ 1 o 1 o =Ly
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Image Chern class of maps M — N™*!

Theorem 0.3 (Ohm)

3 universal Segre-SM class tp°™ (Qimage) In the difference Chern class
¢i = ¢i(f*T'N —TM) and Landweber-Noviknov class s; = f*f.(c!) s.t.

Cx (almage) = C(TM) : tpSM (almage) € H” (M)
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Image Chern class of maps M™ — N™*1

Theorem 0.3 (Ohm)

3 universal Segre-SM class tp°™ (Qimage) In the difference Chern class
¢i = ¢i(f*T'N —TM) and Landweber-Noviknov class s; = f*f.(c!) s.t.

Cx (almage) = C(TM) : tpSM (almage) € H” (M)

SSM := 1-1/2tpA00 -1/6tpA000 + 1/2tpAl - 1/12tpA0000 + 1/ 6 tpAOALl -1/ 3 tpAlAO;
Series[SSM, {t, 0, 3}]

1 1
1+7(cl—sO)t+7(—clz—c2—2c150+502+251)t2+
2 6

1
— (2c13—10c1c2+2c12sl)+2c250+3c15027503+14501+5clsl—550517652> t3+o[t)?
24

CSM := (1+ clMt + c2Mt"2 + c3Mt"3) SSM; Series[CSM, {t, 0, 3}]
cl s0

— +CclM- —
2 2

1
1+ t+— (-cl?+3clclM-c2+6c2M-2cls0-3clMs0+s0”+2s1) t%+
6

1
— (2¢1°-4c1’cIM-10clc2-4clMc2+12clc2M+24c3M+2c1?s0 - 8clclMsO +2c2s0 -
24

12c2Ms0 +3¢cls0? +4clMs0® - s0° + 14501 +5clsl+8clMsl-5s0sl-6s2) t*+0[t]*
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Image Chern class of maps M — N™*!

Corollary 0.4 (Ohm)

Izumiya-Marar type formula: The Euler characteristic of the image is
universally expressed by
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Image Chern class of maps M™ — N™*1

Corollary 0.4 (Ohm)

Izumiya-Marar type formula: The Euler characteristic of the image is
universally expressed by

Remark 0.5

@ Our formula is well structured:
To compute the image CSM class C. (1L ¢(5r)), we compute the low
dimensional terms of Segre-SM classes tp° for

1% U U 1z, 1z, 1z

as polynomials in ¢; and sy. This can be done by Rimanyi's method
+ equivariant desingularization method.

v
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Image Chern class of maps M — N™*!

Remark 0.6

@ In exactly the same way, other type image Chern classes such as

C*(Ilm) of k-th multiple point locus, C*(ﬂm) ... etc are also

computable in low dimensional terms.
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Image Chern class of maps M — N™*!

Remark 0.6

@ In exactly the same way, other type image Chern classes such as
C*(Ilm) of k-th multiple point locus, C*(ﬂm) ... etc are also
computable in low dimensional terms.

@ Possible to deal with stable maps M™ — N™ of any m < n.
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Image Chern class of maps M — N™*!

Remark 0.6

@ In exactly the same way, other type image Chern classes such as
C*(Ilm) of k-th multiple point locus, C*(ﬂm) ... etc are also
computable in low dimensional terms.

@ Possible to deal with stable maps M™ — N™ of any m < n.

@ (Communication with M. Kazarian) There is a nicely behaved closed
exponential formula of generating functions of universal SSM classes
tpSM for multi-singularities.
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Discriminant Chern class of maps M" — N"

Let us consider the case of stable complex maps
f:M™— N" (m>n)

and the discriminant (=critical value locus), which is now a reduced
hypersurface in NV

D(f) := f(A(f))
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Discriminant Chern class of maps M" — N"

Let us consider the case of stable complex maps
f:M™— N" (m>n)

and the discriminant (=critical value locus), which is now a reduced
hypersurface in NV

D(f) = f(Ai(f))
We call Ci(1lp(s)) € H*(N) the discriminant Chern class of f.
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Discriminant Chern class of maps M" — N"

Let us take the equidimensional case m = n for simplicity.
The same procedure can be applied to the case of discriminant:
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Discriminant Chern class of maps M" — N"

Let us take the equidimensional case m = n for simplicity.
The same procedure can be applied to the case of discriminant:

Cu(lip(p) = fu(Culaa)) = Ffule(TM) - tp*™ (ag.))
C*(Oédis) = C(TM) . tpSM(adis)

— 1 1 1
Qs = ]1*1 2]1?— é]lA—?—FE]lA—s_F... e F(M)
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Discriminant Chern class of maps M" — N"

Let us take the equidimensional case m = n for simplicity.
The same procedure can be applied to the case of discriminant:

Co(p(p) = fo(Culag)) = fule(TM) - tp° (0g.))
Ci(ags) =c(TM) - tpSM(adis)

— 1 1 1
Qs = ]1*1 2]1?— 6ﬂf§+§ﬂf3+"‘ e F(M)

X(D(f) = /M (TM) - 5™ (04)

LTRSS
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Discriminant Chern class of maps M" — N"

tp°M(ay,) € H*(M) and tpSM(]lD(f)) € H*(N)upton <3

TpAl := clt-cl?t?+c1dt?;
TpAll := (-4cl®-2c2+clsl)t?+

i

cls1?
[-4c13-10c1c2-4c3+clso1+3c12s1+zc251- ]t3

TpAlll :=1/2 (40cl®+56clc2+24c3-2¢cls0l-
8cl’sl-4c2sl+clsl?-4cls2)t?;
TpA3 := (cl1”3+3clc2 +2c3) t"3;

(* SSM in source )

SSM := Simplify[ TpAl - 1/2TpAll -1/6TpAlll+ 1/2TpA3];
Collect[SSM, t]

1
clt+— (6cl?+6c2-3clsl)t?+
6

1

— (c1®+11clc2+6c3-2cls01-5c1’sl-4c2sl+clsl®+2cls2)t?
6
(*discriminant SSM in target *)

s1?
s01 - —
2

s1® s11 s3
s001 -s01sl+ — -
6

slt+ 2+

6 6
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Discriminant Chern class of maps M" — N"

Remark 0.7

The discriminant of stable maps has a particularly nice property: it is a
Free divisor in the sense of Kyoji Saito.
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Discriminant Chern class of maps M" — N"

Remark 0.7

The discriminant of stable maps has a particularly nice property: it is a
Free divisor in the sense of Kyoji Saito.

It is conjectured by P. Aluffi that under some good condition (e.g., locally
quasi-homogeneous), for a free divisor D in non-singular N,

Cy(ly_p) = ¢(Der(—log D)) € H*(N)
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Discriminant Chern class of maps M" — N"

Remark 0.7

The discriminant of stable maps has a particularly nice property: it is a
Free divisor in the sense of Kyoji Saito.

It is conjectured by P. Aluffi that under some good condition (e.g., locally
quasi-homogeneous), for a free divisor D in non-singular N,

Cy(ly_p) = ¢(Der(—log D)) € H*(N)

In our setting, C.(Iy_p(s) = C+(N) — Co(D(f)) = o(TN)(1 — tp"™ (1 p(5))),
hence the conjecture is stated as

¢(Der(—log D(f)) = TN) =1 — tp*M (1 p(p)

Note that it's universally expressed by the Landweber-Novikov class s;.

i
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Image Milnor number of map-germs C™,0 — C™*! 0

Application of * higher Thom polynomials’ tp°™ to

the vanishing topology of weighted homogeneous map-germs.
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Image Milnor number of map-germs C™,0 — C™*! 0

Consider a finitely determined w. h. map-germ 7 : C*,0 — C"*!, 0 which
is not equiv. to any trivial unfolding of smaller map-germ.
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Image Milnor number of map-germs C™,0 — C™*! 0

Consider a finitely determined w. h. map-germ 7 : C*,0 — C"*!, 0 which
is not equiv. to any trivial unfolding of smaller map-germ.

cr L et S Im(n)
’io J, l Lo

(Cn+k i) (C(n+1)+k 5 Im(F)

Take a stable unfolding F' of ) as above: The image hypersurfaces relates
as Im(n) = 15 ' (Im(F)).
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Image Milnor number of map-germs C™,0 — C™*! 0

Consider a finitely determined w. h. map-germ 7 : C*,0 — C"*!, 0 which
is not equiv. to any trivial unfolding of smaller map-germ.

cr L et S Im(n)
’io J, l Lo

(Cn+k i) (C(n+1)+k 5 Im(F)

Take a stable unfolding F' of ) as above: The image hypersurfaces relates
as Im(n) = 15 ' (Im(F)). Take a generic (non-equivariant) section ¢,
which yields a stable perturbation f;.

Our interest is to compute the vanishing Euler characteristics of the
section. i.e.,

(=1)"(x(Im(f;)) — 1)
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Image Milnor number of map-germs C™,0 — C™*! 0

Consider a finitely determined w. h. map-germ 7 : C*,0 — C"*!, 0 which
is not equiv. to any trivial unfolding of smaller map-germ.

cr L et S Im(n)
’io J, l Lo

(Cn+k i) (C(n+1)+k 5 Im(F)

Take a stable unfolding F' of ) as above: The image hypersurfaces relates
as Im(n) = 15 ' (Im(F)). Take a generic (non-equivariant) section ¢,
which yields a stable perturbation f;.

Our interest is to compute the vanishing Euler characteristics of the
section. i.e.,

(=1)"(x(Im(f;)) — 1)

If n is A-finite, this number is equal to the middle Betti number of the
singular Milnor fiber (D. Mond), called Image Milnor number of 7 .
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Image Milnor number of map-germs C™ 0 — C™*1

As seen before, construct the universal maps over P = BC*

Eo(n) % Ei(n) > Im(f,)
’L'ol lLo
Eo(F) 25 Ey(F) > Im(fp)

> s

Toru Ohmoto (Hokkaido University) Mini-course 1 July 26, 2012 21 /37



Image Milnor number of map-germs C™ 0 — C™*1

As seen before, construct the universal maps over P> = BC*
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Image Milnor number of map-germs C™,0 — C™*! 0

As seen before, construct the universal maps over P* = BC*

By the property of our Segre-SM class for transversal pullback,

i tp™M (Im(f)) = tp™ (Tm(£,))
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Image Milnor number of map-germs C™,0 — C™*! 0

As seen before, construct the universal maps over P* = BC*

By the property of our Segre-SM class for transversal pullback,

™™ (Im(fp)) = tp™ (Im(f))

Theorem 0.8 (Ohm)

Izumiya-Marar type formula holds (Atiyah-Bott localization):

_ _C(image)
x(Im(f;)) = /Eo(n) ctop(Eo(n))
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Image Milnor number of map-germs C™,0 — C™*! 0

Image Chern class for stable map f: M™ — N™*! (again):

Ci(Mpary) = [+Cs(Qimage)
C*(almage) = C(TM) : pSM(aImage)

where the universal SSM class is

SM (almage) =

tp 1

+3(c1 = s0)

+3(s% + 281 — 2180 — 3 — ¢2)

s 205{ — 10¢c1c9 + 20%90 + 2co80 + 3015(2)
24 —88 + 14501 + 5c181 — 5sps1 — 6s9

N|= N~

+h.o.t

24 /37
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Image Milnor number of map-germs C™,0 — C™*! 0

For weighted homogeneous map-germs C2,0 — C3,0 with

weights w1, wo and degree di,do,ds. Then,

C(fﬂ) = (1‘4'(611321(1]11-4)-(61121(111}5613)’ S0 = fn*(l) = %, S1 = fn*(CI) = CISO
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Image Milnor number of map-germs C™,0 — C™*! 0

For weighted homogeneous map-germs C2,0 — C3,0 with

weights w1, wo and degree di,do,ds. Then,

C(fﬂ) = (1‘4'(611321(1]11-4)-(61121(111}5613)’ S0 = fn*(l) = %, S1 = fn*(CI) = CISO

C*(almagE) _ (1 + wl)(l + U)?) i tpSM(almage)(fﬁ)
Ctop(Eo(1)) wiws

The degree minus 1 gives the image Milnor number. Let's see examples.
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Image Milnor number of map-germs C™,0 — C™*! 0

For weighted homogeneous map-germs C2,0 — C3,0,

- al:=dl+d2+d3-wl-w2; a2 := (d1d2+ (dl+d2) d3 - (d1+d2+d3) wl+wl® - (d1+d2+d3-wl) w2+w2?) ;
a3 := (dledS-(d2d3+d1 (d2 +d3)) wl+ (dl +d2 +d3) wl? -
wl® - (d1d2+ (d1+d2) d3 - (d1+d2+d3) wl +wl?) w2+ (d1+d2 +d3 - wl) w2’ -w2’);

d1d2d3
sa0 := —; sal :=sa0al;
wl w2
1 1 (1+twl) (1+tw2)
S AMA := |1+ = (cl-s0)t+— (-cl®-c2-2c1s0+80°+25sl)¢t’| ————— /
2 6 wlw2
{cl » al, c2 » a2, s0 -» sa0, sl -» sal}
-1+Simplify[Coefficient[ARA, t"2]]
1
1+ ————(d1? (d2? d3® - wi? w2?) - w1? w2® (d2® +d3% + 5wl® + 3wlw2 + 5w2® - 6 d3 (wl+w2) +3d2 (d3 -2 (wl+w2))

6wl w2?
3dlwlw2 (wlw2 (d3-2 (wl+w2)) +d2 (wlw2+d3 (wl+w2))))
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Image Milnor number of map-germs C™,0 — C™*! 0

For weighted homogeneous map-germs C2,0 — C3,0,

- al:=dl+d2+d3-wl-w2; a2 := (d1d2+ (dl+d2) d3 - (d1+d2+d3) wl+wl® - (d1+d2+d3-wl) w2+w2?) ;
a3 := (dledS-(d2d3+d1 (d2 +d3)) wl+ (dl +d2 +d3) wl? -

wl® - (d1d2+ (d1+d2) d3 - (d1+d2+d3) wl +wl?) w2+ (d1+d2 +d3 - wl) w2’ -w2’);
d1d2d3

; sal :=sa0al;
wlw2

1 1 (L+twl) (1+tw2)
S AMA := |1+ = (cl-s0)t+— (-cl®-c2-2c1s0+80°+25sl)¢t’| ————— /
2 6

wl w2
{cl » al, c2 » a2, s0 -» sa0, sl -» sal}

-1+Simplify[Coefficient[ARA, t"2]]
1

1+ ———— (d1? (d2? d3® - wi? w2?)

wl®w2? (d2® +d3%? + 5wl® + 3wlw2 + 5w2? - 6d3 (wl+w2) +3d2 (d3 -2 (wl+w2))
6 w1’ w2?

3dlwlw2 (wlw2 (d3-2 (wl+w2)) +d2 (wlw2+d3 (wl+w2))))

This coincides with D. Mond’s computation (1991): our method is
completely different.
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Image Milnor number of map-germs C™,0 — C™*! 0

For w. h. germs C3,0 — C*,0 (cf. Mond, Marar, Wik-Atique, Houston...)

ImageMilnor[wl_, w2_, w3_, dl_, d2_, d3_, d4_] :=
1
- ——————— (d1° (-d2° 43% d4® - 2 2% d3% 44 wl w2 w3 + d2 d3 a4 w1® w2? w3? + 2 w1’ w2® w3’) - 2d1% wl w2 w3
24 w1® w2 w3t
(a2° a3%a4® +2 (43 + d4) w1* w2’ w3’ +d2 wlw2 w3 (-9d3°d4+2wlw2 w3 +9d3d4 (-d4+wl+w2+w3)) +
d2?d3d4 (d3°d4-9wlw2w3+d3d4 (d4-3 (wl+w2+w3)))) -2wl®w2®w3® (-d2°-d3°+24d3%°da-a4’+
2d2? (A3 +d4) +d4wl?-9dawlw2+9wl?w2+d4w2?+9wlw2?-9d4wlw3+9wl?w3-9ddw2w3+15wlw2ws3 -
9w2? w3 +d4w3® + 9 wlw3®+9w2w3®+d3 (2447 +wl® +w2® - 9 w2 w3 + w3® - 9wl (w2 +w3) -3d4 (Wl +w2+w3)) 4
d2 (243 +2d4% +wl® -9 wlw2 + w2’ -9wlw3 -9w2w3+w3?-3d4 (wl+w2+w3)+d3 (9d4-3 (wl+w2+wu3))))
dlwl®w2® w3® (d2°d3d4 +2d2” (9d3°d4+9d3d4 (d4-wl-w2-w3) -2wlw2w3) -2wlw2w3
(2a3?+2d4? +w1® - 9wlw2 +w2? - 9wl w3 -9w2w3 +w3’-3d4 (wl+w2+w3) +d3 (9d4-3 (wl+w2+w3))) +
d2 (d3°d4+1843°d4 (d4-wl-w2-w3) + 6wlw2w3 (-3d4+wl+w2+w3) +
d3 (d4° - 18wlw2 w3 -18d4° (wl+w2+w3) +d4 (17wl?+17w2? +6w2w3 + 17 w3’ + 6wl (w2+w3))))));
(* corank one %)
Simplify[ImageMilnor[wl, w2, w0, wl, w2, d1, d2]]
1
24 w0 wlw2
(d1-w0) (d2-w0) (d1? (d2*+3d2w0 +2w0?) +dl w0 (3d2?+2w0 (w0 -2 (wl+w2)) -d

2 (19w0 + 4 (Wl+w2))) +
2w0? (d2% +d2 (w0 -2 (wl+w2)) +2 (3wlw2+5w0 (wl+w2))))

This coincides with all known examples of corank 1 in A-classification.
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Image Milnor number of map-germs C™,0 — C™*! 0

For w. h. germs C3,0 — C*,0 (cf. Mond, Marar, Wik-Atique, Houston...)

ImageMilnor([wl_, w2_, w3_, dl1_, d2_, d3_, d4_]
1
(a1® (-da2® a3® a4’ - 2 d2” a3% d4® wl w2 w3 + d2 d3 d4 wl® w2® w3? + 2 wl® w2’ w3®) - 2d1% wl w2 w3

1o
24 wl® w2® w3*
(a2° a3%a4® +2 (43 + d4) w1* w2’ w3’ +d2 wlw2 w3 (-9d3°d4+2wlw2 w3 +9d3d4 (-d4+wl+w2+w3)) +

d2?d3d4 (d3°d4-9wlw2w3+d3d4 (d4-3 (wl+w2+w3)))) -2wl®w2®w3® (-d2°-d3°+24d3%°da-a4’+
2d2? (A3 +d4) +d4wl?-9dawlw2+9wl?w2+d4w2?+9wlw2?-9d4wlw3+9wl?w3-9ddw2w3+15wlw2ws3 -
9w2? w3 +d4w3® + 9 wlw3®+9w2w3®+d3 (2447 +wl® +w2® - 9 w2 w3 + w3® - 9wl (w2 +w3) -3d4 (Wl +w2+w3)) 4
d2 (243 +2d4% +wl® -9 wlw2 + w2’ -9wlw3 -9w2w3+w3?-3d4 (wl+w2+w3)+d3 (9d4-3 (wl+w2+wu3))))
dlwl®w2® w3® (d2°d3d4 +2d2” (9d3°d4+9d3d4 (d4-wl-w2-w3) -2wlw2w3) -2wlw2w3

(2a3?+2d4? +w1® - 9wlw2 +w2? - 9wl w3 -9w2w3 +w3’-3d4 (wl+w2+w3) +d3 (9d4-3 (wl+w2+w3))) +

d2 (d3°d4+1843°d4 (d4-wl-w2-w3) + 6wlw2w3 (-3d4+wl+w2+w3) +
d3 (d4° - 18wlw2 w3 -18d4° (wl+w2+w3) +d4 (17wl?+17w2? +6w2w3 + 17 w3’ + 6wl (w2+w3))))));

(* corank one %)
Simplify[ImageMilnor[wl, w2, w0, wl, w2, d1, d2]]
1

24 w0 wlw2
(d1-w0) (d2-w0) (d1? (d2*+3d2w0 +2w0®) +dl w0 (3d2?+2w0 (w0 -2 (wl+w2))-d2 (19w0+4 (wl+w2)))+

2w0? (d2% +d2 (w0 -2 (wl+w2)) +2 (3wlw2+5w0 (wl+w2))))

Notice that our formula is valid for w. h. germs of any corank.
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Discriminant Milnor number of map-germs C",0 — C",0

For A-finite map-germs C™,0 — C™,0 (m > n),
the discriminant Milnor number is defined (Damon-Mond):

(=" ((D(f0) = 1)

In weighted homogeneous case, the discriminant Milnor number can also
be obtained by localizing higher Tp:

_ _Culoon)
X(D(f) = /Eo(n) Ctop(Eo(1))

For example, see the case of m = n.
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Discriminant Milnor number of map-germs C",0 — C",0

Discriminant Chern class for stable map f : M™ — N™ (again)

C*(ﬂf(M)) = .f*C*(aDis)
Ci(aps) = c(TM) - tpSM(aDis)
where the universal SSM class is

SM

tp”M (aps) = @

—l—é(ﬁc% + 6co — 3¢181)
< cf + 11lcico + 6¢3 — 2¢1801 — 50%91 >

1
6\ —4dcgsy + c187 + 2c180
+h.o.t

Toru Ohmoto (Hokkaido University)
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Discriminant Milnor number of map-germs C",0 — C",0

For weighted homogeneous map-germs C2,0 — C2,0,

CcC :

aal := Coefficient[CCC, t];

aa2 := Coefficient[CCC, t"2];

saa0 :=d1d2 wl"{-1}w2"{-1};

saal := saa0 aal; saa2 := saa0 aal"2;
saa0l := saa0 aa2;

BBB :=

12
[slt+ [so1-s—J t’} (1+dlt) (1+d2t)dl~{-1}d2~{-1} /.
2

{cl » aal, c2 -» aa2, sl - saal, sO0l -» saa0l, s2 - saa2}
Simplify[Factor[l - Expand[Coefficient[BBB, t"2]]]]

{{ (d1d2-2wlw2) (d1? +d2% +wl®+2dl (d2 -wl -w2) +w2® - 2d2 (wl+w2))

=1+ (dl+d2-wl-w2) t+ (wl?+dl (d2-wl-w2) +wlw2+w2?-d2 (wl+w2))t?;

2 wi? w2’
DisMilnor2([wl_, w2_, d1_, d2_] :=

(d1d2 -2 wlw2) (d1%+d2? +wl?+2d1 (d2 - wl-w2) +w2? -2d2 (wl+w2))

2 wi? w2?

This coincides with Gaffney-Mond's computation (1991).
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Discriminant Milnor number of map-germs C",0 — C",0

For w. h. germs C3,0 — C3,0, (cf. Marar-Tari, Saia, Perez, ...)

inf15)- DisMilnor[wl_, w2_, w3_, dl1_, d2_, d3_] :=
-1+%(d15dzzd32+3d14d2d3 (a2 a3 +d2d3 (d3 -wl - w2 -w3) -wlw2w3) +
6 wld w2® w3
wl? w2? w3? (d2°+d3% - 6wl - Twl®w2 -7 wlw2® - 6w2® -7 wl’w3-9wlw2w3-7w2’w3-7wlw3’-7w2w3’-6w3’-
8d3% (wl+w2+w3) +d3 (13wl®+13w2? + 15w2 w3 + 13 w3? + 15wl (w2 +w3)) +2d2” (7d3-4 (wl+w2+w3)) +
d2 (1443%+ 13wl + 13 w2? + 15w2 w3 + 13 w3% + 15wl (w2 +w3) -27d3 (wl+w2+w3))) +
d1® (342%d3%+6d2°d3” (A3 -wl-w2-w3) +wl’w2’w3’-3d2d3wlw2w3 (5d3-4 (wl+w2+w3)) +
3d2743 (d3°-5wlw2w3-2d3” (wl+w2+w3)+d3 (wl+w2+w3)?)) +
d1? (d2°a3?+3d2°d3% (A3 -wl-w2-w3) -2wl?w2®w3? (-7d3+4 (Wl+w2+w3)) +
3d2°d3 (3% -5wlw2w3 -2d3% (wl+w2+w3) +d3 (wl+w2+w3)?) -
d2wlw2w3 (15d3° - 14 wlw2 w3 -30d3% (wl+w2+w3) +3d3 (5wl®+5w2’ +8w2w3+5w3’+8wl (w2+w3))) +
d2%d3 (d3%-3d3° (wl+w2+w3) +30wlw2w3 (wl+w2+w3) +3d3% (wl+w2+w3)?-
d3 (w1®+3wl? (w2 +w3) + (w2 +w3)® + 3wl (w2®+ 14 w2 w3 +w3?)))) +
dlwlw2w3 (-3d2°d3-3d2°d3 (5d3-4 (wl+w2+w3)) +wlw2w3 (14d3%+13wl?+13w2? +
15w2 w3 + 13 w3? + 15wl (w2 +w3) - 27 d3 (wl+w2+w3)) -
d2? (15d3% - 14 wlw2 w3 -30d3% (wl+w2+w3) +3d3 (5wl®+5w2’ +8w2w3+5w3’+8wl (w2+w3))) -
3d2 (d3%-4d3% (wl+w2+w3) +9wlw2w3 (wl+w2+w3) +d3? (5wl®+5w2’+8w2w3+5w3”+8wl (w2+w3)) -
d3 (2wl®+4wl® (w2 +w3) +wl (4w2®+21w2w3+4wd?) +2 (w2’ +2w2’w3+2w2w3’+w3%)))));s

(* corank one x)
/17~ Simplify[DisMilnor[wl, w2, w0, wl, w2, d]]

(d-2w0) (d*-4d’w0+d*w0 (8w0 -3 (wl+w2)) +2dw0® (-4w0+3 (wl+w2)) +3w0® (wO?+2wlw2-w0 (wl+w2)))
Out[17]

6 w0® wl w2

u Ohmoto (Hokkaido University) Mini-course I



Summary

[Manifestation]
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[Manifestation]

e For a classification theory C of a certain class V of maps/varieties/...
whatever,

Toru Ohmoto (Hokkaido University) Mini-course Il July 26, 2012 33 /37



[Manifestation]
e For a classification theory C of a certain class V of maps/varieties/...
whatever, one may consider

the classifying stack B¢V = [V/(]
(e.g., BxO, Thom-Pontryagin-Sziics in differential topology,
quotient stack [O/K], moduli stacks, ... in algebraic geometry).
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[Manifestation]
e For a classification theory C of a certain class V of maps/varieties/...
whatever, one may consider
the classifying stack B¢V = [V/(]
(e.g., BxO, Thom-Pontryagin-Sziics in differential topology,
quotient stack [O/K], moduli stacks, ... in algebraic geometry).

the Tp theory for C on V “=" Intersection theory on B;V
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[Tp theory for classification of map-germs]
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[Tp theory for classification of map-germs]

@ For the classification of mono/multi stable-germs, Tp is a polynomial
in difference Chern classes ¢; and Landweber-Novikov classes s;
(Thom/Kazarian).

This theory is related to enumerative geometry from classic to
modern (counting singularities/curves/BPS states, ...).

Toru Ohmoto (Hokkaido University) Mini-course Il July 26, 2012 34 /37



[Tp theory for classification of map-germs]

@ For the classification of mono/multi stable-germs, Tp is a polynomial
in difference Chern classes ¢; and Landweber-Novikov classes s;
(Thom/Kazarian).

This theory is related to enumerative geometry from classic to
modern (counting singularities/curves/BPS states, ...).

@ To local invariants of map-germs, one assigns the equivariant
Segre-SM class tp°M as “higher Tp".
It has naturality and motivic property.
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[Tp theory for classification of map-germs]

@ For the classification of mono/multi stable-germs, Tp is a polynomial
in difference Chern classes ¢; and Landweber-Novikov classes s;
(Thom/Kazarian).

This theory is related to enumerative geometry from classic to
modern (counting singularities/curves/BPS states, ...).

@ To local invariants of map-germs, one assigns the equivariant
Segre-SM class tp°M as “higher Tp".

It has naturality and motivic property.

@ If torus action is there, one can localize the higher Tp to compute

the local invariant (Atiyah-Bott localization).
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Summary

[Perspective]
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[Perspective]
@ Behind computing invariants, there is “Riemann-Roch"”:

length of local rings/modules (< Hirzebruch-RR)
(topological) Euler characteristics («» CSM transformation)

Comparison or Unification ?
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[Perspective]
@ Behind computing invariants, there is “Riemann-Roch"”:
length of local rings/modules (< Hirzebruch-RR)
(topological) Euler characteristics («» CSM transformation)
Comparison or Unification ?

@ There are a lot of remaining parts in computation of Tp for
A-classifications.
Geometry of A-finite germs from Tp viewpoint ?
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[Perspective]
@ Behind computing invariants, there is “Riemann-Roch"”:

length of local rings/modules (< Hirzebruch-RR)
(topological) Euler characteristics («» CSM transformation)

Comparison or Unification ?

@ There are a lot of remaining parts in computation of Tp for
A-classifications.
Geometry of A-finite germs from Tp viewpoint ?

@ A huge missing part is about Tp for real singularities, in particular

Local Vassiliev type inv. “=" Relative Tp.

A lot of problems are there !
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Muito Obrigado !
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Feliz aniversario, Shyuichi !

RESE, HEHEOTE ) !

Mas, n3o beba muito !
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